86 Aﬂ;licaeions of Diffecentiation

6.0 TRolle’s Theorem and Mean Value Theorem

“Theorem 6.1.1

Let $i@b >R be a function and ce@@b) such -t
D $o easts
2) § attains  maximum (or winimun) at x=C.
Then, we have Fiw=o.

'Fvocf: Assume § attains  maximam at xsc.

;|Cc+Ax) -ic) _ | ;f(c+¢x) -:Ec) _ e
f(c) exist = lim _Akg s = ..f(c)

M—)O ax

Note : M<Q —foral[ AX SO %f(c)=l|m Mso

AX-—)O aX

;i(c+Ax)-£c) >0 ,f,r. all ax<o = f(c)_ lim f(c+&0-£c) >0

AX—)O ax

" f’(c) =0

Theorem 6.1.2 (Rolle’s Theorem)
let F:labl >R be a Fmction such that
D F s contivuous on [a.bl
D F s diffecestidde  on @.bd
2) Fa = Fdo
then there exsts ¢ €lab) Such that Fi:o.

Geometvical menmir% :
9, Fo-=0

%

FaF | £ -+ FaFb) 4 - -1 —->_




(dea cf 'Fmof :

Bé “the  Maximum - Minimun Theorem , there edist %y, %y €[a.b]l such that
Fotms Foo s Fa -fbr al xelabl .

Cose | : Etther xm or x4y lies on Ca.b)

then Faw =0 or Fegp=0 (Need some a\3wmewt)

Cose 2.: Both % and %y lies on boumlana ?eivr(:s cf fa.bl ,
e, %mea . %m=b or Fmeb . tm=a
Ba ass\amlsbim, Fia = Fby  which forces that Feo is constant on [abl
So fto=0 for al xe@.b

Theorem 6.1.3  (Mean Value Theorem)
Let $:labl =R be a Humction such that
N f is cowtvumous on [a.bl
D f s fferentiakde on @.b>
then there exsts € €lak) Such +hat j?'cmﬁ%;_f@_
\

!
Geometvical me.av\'l"g-. S|0Pe cf - SIOFQ oj? -

L
‘6T L
a'L C b %
Hea Of "F\rbof B
Lookin3 fov cela.b) sudh that f'(c) ) f(\o‘)o:fa(a)

1e. look’lnﬁ for- a_solition in (a,b) of the eiuatiom
:F(X) - M =0 .
[ b-a J

t
Idea : Realize iz as Feo  and aFFha Rolle’s  theovem .




proef
Let Foo: $oo - @ - 5%?(1—@

Check : 1) F is comtinuous on [a.bl

) F is Qhﬁerewﬁal:le. on @.bd
) Fa=Fby =0

Prﬁ>|«a Rolle’s Theorem +o F , the resute -fel\ous.

Question :

the \n‘g\m.oma. Should he be arrested ?

(s km)
ot--------2 B.a the MVT, there edists t.e(o.025)

o
Ll

+
30
SloPe. *SaE " 120

6 AFF(mums of Mean Value Theorem

Theorem 6.2.1
lf fﬂk-—ﬂk s a d:ﬁerew(ﬁo.\:le and f'bo-.o VYxeR |,
+then f(‘l.) s a constant ‘fW\ChoV\..

"Fvoof : Fix v%eeR , let xeR\ =}

%f is conbinuous e/enau\«eve
Prn:ha MVT, 3 cel ) Such that
- = j’c ) G- =
S -feo “c %-%o) = O
o b{) assu\m'F‘bovx.
ie. f&x)=‘fe(.) Vx>

We have similar vesute “f x<xe , the resudt follo«.as.

such that sloFecf-ﬁne.'b\v\ﬂerrt at t-t, -

ie. instantaneous sFeed at t=t, = 170 km/hr
o35 ¢t hv)

A vehicle is SFeed'mj on_a hij\r\waca lf = SFeecl 2 20 km/he  (at Some momert )
[f the (@jﬂ/\ of +the h’{jkwcua is 20 km and lf kelvin onha_ SFe.v\'(: |5 winutes on

30

O.XS’llo

lf xX>%. , note je is cliﬁ?amhable alevnu‘t\e.\ﬂe. Cm 'Par(jc»\lar, on (Xa.x) )

Cm 'Par(jc»\lar, on [tax1)



ExamFle. 6.2.1

Let -f(-zo = CoS™x + Sinx

f'&) = =D oSS + AsSinx cos L= O
. CoS™x + Sinx 1S a constant.

Iv\ “Fa\’b'iCular‘ , f@): (., So f(?Q = Cos x4+ = |

TTheorem 6.2.2
3 f,ﬁ-.k-fk are. ckﬁerewbta\:la functions sudh Hat oo - g0 For all xR,
“then f(ao=3(x>+c . where C 15 a constant.
‘P\rouf : Let heo =feo- g
Then heo - f’cx)-ﬂ’eo =0
S he=C |, wheve C s a constant. e fw=3m+c.

Next, we ove 30\»/3 4o discuss how d:ﬁzrewb!arb"ov\ lrel“:s o
i’nd madimuam / miniviam fro’\wts <55 a :ﬁnvxchw\ .

F]YS‘HS, we. make Some -Frermﬁons :

63 |ncrea.sir8 / Decreasi»'ﬂ Functions

'Defln\'hon 63.1
Let T be an itterval and et f:l—ﬂk be afwd:son such that :ftx.osf&,} (fm»zfc«,))

‘then fb.) is called an incx’ensiv\s (a decreasinﬂ) fwxcbiov\T

[ncxeasinj

’a/} (Rousl,\[a g‘;gak}ms :

%-féx) The la\rje\r X wWe 'lvt'l)\xt

Forl - oo / the [a\rje\r Lg we 3€t 2

T If we have a str‘ic:tlé ln%ml'rba, tt s cdled a sbﬂctla Mcraps‘ma (deereasinj) fwc(:iov\.




Theorem  6.3.1

Let f:(a.b)—ﬂk be a d‘ﬁere«ba.ue fm\cﬁov\.

I:f f'c:ozo (feo<o0d :for all xeta.b) then f Is_an_increasing (decreasinﬁ) :f!Amtion+:‘-

) la=‘f(’30
Slo]u. = -f(—:o 20 lwcrustvﬁ

]
1
'
|
|
a = b

tt |‘f we have shict ‘mealmh—b , ')ebr.) R a S‘Mctlﬂ 1vcren§wj (dacreas‘iv\j)
‘fuwc‘b‘im on (ab) .

Pt

l:f a<7c.<'z.<l> .

o«FFla MVT -to jp on [, %],

3 celt %) Sudh that je("‘)']?"‘" = i’co (a-%) 3 O

vi \'}
O O
‘Ba QSSWMF&on
Examrle 6£3.1
f(-:o = -5x"+ §ox - 120
$0 = -lox + 8o
o >0 feo <o
-lox + o >0 -lox + o < ©
+ <& x> &

. fc—n is S+MCH3 ‘mcveas\vxﬁ when <8 and
fc—n is S‘hacﬂb dec(eos\vﬁ when ~« >8 .
Net hard to  wadecstand Wl 3 :f(ao atkaing  makimum  when =8

ard  maimum  value = f(&) =200



200 ’t ........ - f(-:o = -5x + ox - 120

Y dec

Note. : f’(&)-o

Rewark : Vﬂ‘lfta the answer ba U\Slnj Ccmrle‘(:inj siaare

Question :
D) lj f'eo>o for'x<o. and f'eo<o forx}a .

= it enDVﬁl'\'Eo swa-me(-.f atlairs madimum at x=a 2
2D B we wart to fird all extrema,

st enough 4o sche §eoso?

ExamFle_ &3>

Let fm”_a‘ﬁ . X#O.
foou-2

'f(l-x)>o jm— %<0
-f(ix)<o fm«- x>0

oo feo s S‘i'VlCU% 'mcveas‘mg when. <o
w0 is shicty decveasing  when. x>0
b) 4 3

However s f(o) s NoT Ne.“-eleflvxed , So theve is NO moximum Po‘-rcb.




Examrle. 633

Let oo« il 4. S oA
Rewvite. - > rf x>0
'f(x) = O rf A=0O
= rf A<O >
ﬁ x>0, -fcvo=[’:_(.— , then f’(x):ﬁ > o

f X <0, -f(x):..rx.— , ~then =f'(-x)=— N'-Tt. <o
" -f('x) i S'hfictha “lV\CYeaS“mg when. x>0
-j-(—x) is S'l'smc:(:héI decveas“mg when x<o

Howeve_v, fin . M < lim o i . E‘ which does NOT exist ,

AxX>S &S L AxsS

X3
= lim Mﬁi@_ does NST exict

Ax-50

= f’co) does NST exst
but as we con sce f still affaing minimum  ak < =0.

. Solvinj —féo o o f‘v\d max [ min 18 NOST enoujlm

Avsmfbrbcﬂr\%aesﬁonslwdlmnejdﬁve,
SQ,MisﬁewctsﬁaﬁanechffmdinjanM'?

6.4 Bt Derivative Check

Theorem 6.4.1

letk T be an open inberval ard let aeT.
Let §£:I->R be a function such that

0 j 1s_continuouns

» feozo (fe50) Sor all xeI wth x<a
B feoso (few=0) For all xeTI with x>a

Then (&, Je(a.)) is a relative maximum Cminimam)

Note : We do NoT re%u\ire. the d:ﬂ’efev\‘hnbil’r(:a cf f at x=a. but Ov\la the cowEivm’rba ?ff at xs=a.




Geometvical me.anina :

c/‘(a,f(m) is_a_relative maximum
]
|
|
|
)
i
|
|
]

e e s
I Q

Remember the s|03an= Chanje ef sign ?f fi-x) at x=a

Pmcf:

Let xeI and weca .
Note : f 1s_continuous on [x.2] and

f is diﬁa«enﬁalale on (=)

aPFl(a e MVT, Hhere exisks ce(x,a) sudh that

f@-f&o =fo tax) 20

\i v
(o) O

-Ba ass wn‘Fonn

fwsf&) for- all xel with x<a

Similarl.&,ue can also show “Hhat f@osfm) for' all el with xsa
fbosf(m for al xel , ie. (a.,_-f(n.)) is a relative. maximum .

ExamFle. 6.4.1

Pove twat €2 14ax CGie. €-%-120) :fm- all xeR .

Let fﬁo = x|

(Warnt o fm\ the Slobal minimum c\f feo and  see af * s 20.)

jz'eo = e~

f’er.)>c> 'r)ew_>o and f'(x)<o 'jex<o

f s S'hr‘lc(:lg incre.as\v\j when x>0 ard S'h/ic(:lg decre.aslvxj when <o

(and —f Is _continuous at x=0.)

f attains minimum  when ==0 ('Bca Ist. devivative check )

(In fnc(: , alo\:al minimum uolma D)



}(6 (é:Q‘>c
-fcao zf(o) VxeR  — G0
\8=x+l
= e°—o-l

(
=0

N
T
*

Note : The ear/\a\h‘ha holds ﬁ A=0

Dej\n'rhon 6.4.1

% f@ =0, then (a,fca)) is said 4o be a Sbﬂ'bomva point .

However ., a S‘(‘nﬁmané -Fo:w(-, s NST necessary o be a relative extrema .

BumFle 6.4
|§ f(-::)-:xg ,then f@x.)-?»a'

Neste : 1) f'(o)= )

2) f'¢x)=?>-£'>o for X #o

le. No cl\avﬂe cJQ s‘an. of -f'cx) at x=0.

‘6‘\ %:fw

No+e LQa S‘taﬁowara ‘Foiv/d:. 18 NoT

- Y\e.cessana_ +o be a mox./min. Fo‘wd:.!

ne.
/’ this Foiwb s called
a saddle 'Foivvé

5<am|>le 643

lf f(x) = -3 -G +5
then -f’(x) e 3% -G = 3EC-2x-3) = B(-3)(=-1)

fl('ao>o |f A>3 or w<-| max. (a=-§(70

f’w«, # -lex<3 -1,10)




max. '3 =f(-:o
(=1,10)
5> =0 s,e\
K fl(g) =0
x>
min.

6.5 Second Derivative Check

lek T be an open interval .

Feo>o For xeT > fbo s s*bdc’ds increasing.
Geometrical meay\'lr:j-.

(8 =-f(x)

X, Ay A

S\a‘x 532 the -blvﬁevd' bre at G o) increases as = increases !
(NsT oo s 'lncrens‘ma L)

Theorem 6.5.1

let T be an open inberval .

§ feo>o (Fbo>0) Ffor all xeTI , then fo is concave (comex) on 1.

Theorem 6.5.2 (Second Derivative Check )

let T Bea.noren interval and let aeT.

§ F:I>R be a function such that

D f@-0 (e @.f@) s a S‘ta‘b'\onava "'>o’M't.)

D f<o F@s0) and Feo is continuews at xza (ie. § is convex (concave) near x=a)

“then (a,f(a)) s a relative maximuam  (minimam) .



Cau‘biovx.'- l'f f'&o-o , thean NO conclusion ?
Consider ‘f(-x) -t R, ot

We have f&»ff%o)- o i each case , bt (0.0) 1s
< min.. 'for the Ist cose.

. Saddle 'Folwb for the 2nd cose.

- max. 'for the 3vd cose.

Examrle. 6.5.1

L’f feo = B3l -Fx s
then Feo =30 6x-F = 3G-2x-3) = BN
fooso F A>3 or <=
’J"-'cx)<o rf -lex<3
j"éo- bx-6
jeh(x)>o .)e %> 1 je"(—l>=(1<o

/, /]
O <o rf << | :f(3>=(1>o

'f I(x_) —+ve 1 -ve | tve
\ T
’fbt.) inc. dec nc
" |
(&) -ve 4‘ +ve
’f(x) Convex Cancove.

No-l'e : The curve c']nanﬁes fvum 'oeinﬁ Convex to concave at (1,6) .
“This 'I>o'wrb s called a Point of wcflecbiom.



Defwum 6.5.1

let T be an open inberval ard let aeT.
Let £:I>R be a function such -that

0 :f 1s_continuous

» feos>o (Fo <o) Sor dl xel whh x<a
3 feo<o (fe>o0) for all xeT wih x>a

“then CO.,fta)) is said to be a 'Foiv\'E uf 1n_-flectiov\.

Exa.mFle_ 65>

-j’eo = D5 - (05%* + 340 - 510 + 3box - 120
Find the ange of =x such Haat
(€)) -'f'(-;c) >0 -f'(x) <o

) ,f'x)>o ‘ ‘jpo('z)<o

S’t‘eFl . Find —f’co and 'facbovize .

-f’eo

Lox*- 4’).073 + 1020~ - 103.0% + 36O

6o (x“'—’(-'f + F(-x"— G+ )
= bo (x- l)i('x-l)(vc-':&) (Us‘ma ‘fuc(:or heorem )

{ 2 3

j‘(ves ntervals  w<l, lex<2 , dex<d , x>

Reason : those :fac'(:ors may clmnje_ s’ﬂn at the bou\vdar% 'Foivas cf intervals .

S—teF 2 << | %= lex<2 L= 2ex<2 x=3 x>3
(=-13 + o + + + + N
=-2) - - - (o) + +
(CZXY) - - - - - o +

j?'c-:o + o + o = © +
f(x) nc Sq%le. nc. MOX . dec . Min ne.

‘P .
Saddle —Fo*.v\-(-, = (1,23) mox = (3 ,-16) min = (2, -39)



S‘lm’llarla ,

f"m

3
2o - (260 +204.0% - 1020

6o =1 @A - 3% +1F)
o (=0) (- LE‘%E-)] [2- (B'?G-)]

(
3?'60 - o + o - o+
( 3-8 "B
g g
~ .61 R 264

Foiv\'Es cj iv‘fled:ion: CLL-23) ’(\q?(—q '5(\:}er ))

= (L6, =-19.0) or (UE4.-297F)

y = f(z) = 122° — 1052" 4 3402 — 51022 + 3602 — 120

(2.00, -16.0)

(1.00, -23.0)_~" (1.61,-19.1)

(2.64, -29.7)

(3.00, -39.0)




) s —= X #-1

max = (1 +)
o 2x-2) -1 >
fcx) J—M S :
f'(—o = NST - +
deflved
(1]
2V

2« == ,%
: ()
e
oL NI A S
™~ 1/ 4>~
\/
\\i
Note : The grph of yyefi behaves lke
i == ar’ -|
. ﬂ&_bmdzoﬂd_“m_glo_._w_nesau@_w -0
lnf == % v nistste. |




6.6 ASaW\F('.:*eS
bﬁmﬂ:icn 6£.6.1
OB s or oo nsm or co.

then %x=a s sad %o be a vertcal asawrr(}ffz.
))(f ’Ig;\mf(x)=l_ or Jé_v;\_mf(vz)=|_ . where L_eR ,

then %=L is sad 4o be a hovizowtal a%mf'bcfe
Note : H mag haFFp.v\ that botlh ,l&"mf(") and ’lé_v;\_“f(x) edst

bt ‘t\r\e% are. NOST -the same. .

2) lf (6=wrx+c Is a S’l‘mBH‘. Such  +that _lm_a 'f(x)-(mx+c)=o or -i'-:"-a -f(x)-(m—x+c)=o ,

then the s'('v'a?jkb line s sad o be an obh?ue asaml:(:n'be o)g f&)

Ma

06=f(70 / '_f(vt)-(mx-«-c)

7 -
“+the distance +tends +o ©

Examr(e 6.6.t 8S A—>+x®

@ Show that f is NoT differenticble at =2 .
Hivt : Show that lims f@%::'f@ does NGST  evast.

BX=>0
'X.z-).i-(-). >0
b . { -1y 5=
I > T XY o ond
e § %<2 xE

Solve -f'(x)>o ond -f'(x)<o
7
Ans -f(x)>o when x>2
-f’(x><o when x<2 and =#l

wmin = (2, 0)




'rf x>

'lf x<2 ond w#l

-2

(c) f%x): { G- 108
2
G-

v/ ”
Solve -ffx)>o and -fcao<o

Ans -f'fx)>o when l<x<2

-féx)<o when x>2 or xc<l|

point of Mflecbion = (2,0)

> vertical asawrr-(:n-te :
liw\ fb()

xS

(IM feo [lM - Xx-2) - 400

o |

obliiue / horizental OSamr'(:u'te. :

'Zﬁ"l 2)

> & |

x<2 and x#|
§

O For %22, f(’g l(’-_l)_
m = lim Feo = hm X=2 .
A—>+o0 Kd>+oo X1
c = lim jefz)-mvu lim l(m)—-x= lim —% .-y
A-d+co AKS+oo K- AKS+oo A-|

Lyex-l IS an ol:liima asamFbste

o x(x-2)
Q@ Fr x<2 ond =41, Fo-= ;‘;

|
ol O |l x2
x—l;v-\co x '=’c_l>M°°X l

c = lim feo-wm- [im A"—")—+1= lm —%X =1
A->-00 A-d>+c0  A-|

A>+co A~ |
yexl IS on obliiwe asamFbs‘:a

() x-lrtercept : [olve f(vo=o

X '1—2' =0
-

A =0 or 2

Y- intercept - -j-’co> = o

FRQMG\’k :

D mes lim
A>+o0

X
c = lim fw-mx
A->+co

lf angone cj “them does NOT exist,

tt means -there s no o\oﬂi«e asaw\]:ts&

2) lf m=0, the asam]shsﬁz is_horizovntal



(f) Sketcln «a =—J?[-,o.

<+zF_I:_dm|.)_asam'}s+b'|'e%

| Stepd: Puck cloun x-inteccepts

am:\_‘aﬂﬂtew‘a?t

Ster 2 (o,0)
l AL A4 A XA
l; o i - X(x=2) _ _o / \
=== x> x| / \
lim £ lim Xix-2) -+o0
x> ) x> (F -1

NS \ 7
R\
\ X/

Y=

4 C
fo oot

NoT NoT
§ dzﬁwdﬁgﬁmﬁ
’_’f( 0 dec dec. ne.
1/ l .5'
fo - L

NoT NoT
4 deﬁvxed deﬁwaﬂ

Convex Concave convex




J
C s)
x-mi:t sohe  feo=0
> Y- inteycept u- ikeycepst. = £

. 'Mcr%{l%_@easina Sohe. ‘?éo >o / ‘?éo <o
J J J

Saddle ?g.ggz max. / min.. Mﬁf # S’iﬁy\ ot R ?
J J

o concave / Convex So(\rg j?éo >0 / 3?(20 <o
'Foivd: cf lwﬁgcbov\ c’nm\a)e_ c‘J@ s?ay\ ch@ -5(-:0 2

. w_dic.a.l_asarm =2 witsh | =
l xX>a

xXa

. b\oﬁ'zonkd_as:am]ﬂ:ig = liva ﬁ
A+ X

. Q]alﬁm._gsam’ztoie c =li —mx

A+




